Abstract-This paper investigates the use of a collection of dispatchable heating, ventilation and air conditioning (HVAC) systems to absorb low-frequency fluctuations in renewable energy sources, especially in solar photo-voltaic (PV) generation. Given the uncertain and time-varying nature of solar PV generation, its probability distribution is difficult to be estimated perfectly, which poses a challenging problem of how to optimally schedule a fleet of HVAC loads to consume as much as local PV generation. We formulate a distributionally robust chance-constrained (DRCC) model to ensure that PV generation is consumed with a desired probability for a family of probability distributions, termed as an ambiguity set, built upon mean and covariance information. We benchmark the DRCC model with a deterministic optimization model and a stochastic programming model in a one-day simulation. We show that the DRCC model achieves constantly good performance to consume most PV generation even in the case with the presence of probability distribution ambiguity.
I. INTRODUCTION
Increasingly, efforts have been made to utilize clean renewable energy sources (RESs) to generate electricity. RESs are expected to account for approximately 29% of new generation capacity by 2040, with major contribution from wind and solar power generators [1] . Higher penetration of renewable energy is challenging, due to potential twoway power flow issues, variability in output and stress on electricity grids' balance, e.g., network frequency and voltage stability [2] .
One solution is utilizing flexibility in heating, ventilation, and air conditioning (HVAC) systems, a type of thermostatically controlled loads, TCLs, providing a great flexible resource given their large amount of power consumption, enormous thermal storage and considerable resistances. Performance and effects of demand response using HVAC loads have been widely studied (e.g., [3] ). Moreover, HVAC systems can serve as means to provide ancillary services (see [4] ).
In this paper, we consider using HVAC systems to compensate fluctuations in solar photo-voltaic (PV) generation, as previously studied by [5] , [6] , both of which develop deterministic models to track PV generation. In [5] , [6] , they focus on minimizing the difference between total power consumption of HVAC units and PV signal plus state deviation, while assuming that PV generation is perfectly known or predictable. Such formulation can be further enhanced with energy storage systems to provide better building-to-grid (B2G) services (e.g., [7] , [8] ). Although utilizing building loads for regulation services has been an important research area for years, the above deterministic solutions are not able to handle uncertainties associated with TCL models and intermittent renewable resources, which are ultimately shaped by outside factors such as weather and consumer behavior [9] .
By taking into account uncertainties of PV generation, stochastic programming approaches (e.g., sample average approximation [10] ) are widely applied based on pre-specified probability distributions (see, e.g., [11] , [12] , [13] . For example, [12] investigates the aforementioned problem incorporated with more system uncertainties from wind speed and ambient temperature by solving a two-stage stochastic program. Such stochastic programming formulations solve problems under the assumption of knowing perfect information about the underlying distribution of randomness. However, the true distribution may not be fully accessible, but usually can only be informed by finite observations of previous realizations [14] .
A nature way to address this challenge is to employ distributionally robust optimization (DRO) techniques [15] , which have been already applied to optimal power flow (OPF) problem with renewable energy [16] , [17] , [18] . DRO considers a family of plausible probability distributions, termed as ambiguity set. Hence, it takes into account the ambiguity of probability distributions instead of assuming a certain type probability distribution. There are many ways to construct ambiguity sets based on different statistical information, such as moments [19] , [20] , Wasserstein distance [21] , and the φ-divergence [22] .
One closely related work of applying DRO techniques on HVAC systems is [15] , where the authors formulate a multistage stochastic programming model to manage aggregated building energy that takes into account a family of normal distributions with uncertain mean and standard deviation information. They assume that the system disturbances from weather process follow normal distributions, which, however, does not hold for our problem with uncertainties from PV generation. Another related work is [23] which develops a distributionally robust control method to manage wind power fluctuations with energy storage. Under a momentbased ambiguity set, they reformulate Bellman equations into semi-infinite programs, which can be approximately solved by a convergent discretization method. Comparably, in our work, we present an exact tractable reformulation for a distributionally robust building load control problem with uncertain solar power generation.
Specifically, in this paper, we present a distributionally robust chance-constrained (DRCC) model, based on a momentbased ambiguity set, to hedge against fluctuations in PV power generation using aggregated HVAC loads, while maintaining desirable room temperature for all HVAC units. We show that the DRCC model admits a mixed integer linear programming (MILP) reformulation that can be effectively solved by commercial solvers, e.g., Gurobi and MOSEK. The remainder of this paper is organized as follows. Section II presents mathematical formulations including a deterministic formulation and a stochastic programming formulation. Section III presents the DRCC model and its MILP reformulation. All solution approaches above are based on a single-period model, which takes the solution from a previous period as input and solves for the current period's decision. In Section IV, we propose formulations based on a multi-period model for all approaches, which solves a monolithic formulation including decisions of all time periods. Section V reports the computational experimental results to demonstrate solution patterns and performance comparison among different formulations. Finally, we draw conclusions in Section VI.
II. SOLUTION APPROACHES
In the system, we aim to utilize a fleet of N s HVAC units to consume PV power generation (collected from N PV PV panels) with a desired probability during day time of a single day. We divide the day-time duration into N p periods. At period t = 1, . . . , N p , we decide for each HVAC unit j = 1, . . . , N s whether in ON or OFF mode, denoted by a binary variable u t,j ∈ {0, 1}, equal to 1 if ON, and 0 otherwise.
We consider a typical building thermal model [24] based on a continuous-time linear time invariant (LTI) system built on the dynamics of room temperature T and outside air temperature
Q HVAC , whereṪ denotes the differential of T . Parameters R, C, Q out , and Q HVAC are thermal resistance, thermal capacity, heat gain from solar irradiance, and cooling capacity of a HVAC unit, respectively. M ode HVAC denotes the HVAC mode: either being ON (=1) or OFF (=0).
After discretization (e.g., using 10 minutes interval), we rewrite the building thermal model into a standard state-space model: x t,j = A j x t−1,j + B j u t,j + G j v j ,with x t,j being the room temperature at period t. Here parameters A j , B j , G j can be obtained for building j, and disturbance v j is recorded for where building j is located.
In Section II-A, we first present a deterministic formulation, adapted from [5] , [6] , without considering PV generation uncertainty. To take PV generation uncertainty into account, a stochastic programming formulation and a DRCC formulation are proposed in Sections II-B and III. All three formulations are based on a single-period model, where we solve for ON/OFF decisions at the current period given initial room temperature resulted from previous periods' decisions. To solve for all N p periods, we need to solve N p small optimization problems sequentially, in a rollinghorizon fashion. In Section IV, we develop multi-period variants of all three formulations, which solve a larger scale optimization problem including all ON/OFF decisions of N p periods.
A. Deterministic Formulation
Following [5] , [6] , we consider a deterministic model minimizing the absolute difference and state deviation plus total switching times. Let x t = (x t,j , j = 1, . . . , N s ) be the vector comprising all room temperature at period t, and u t = (u t,j , j = 1, . . . , N s ) be the mode vector consisting of all ON/OFF decision variables at period t. In the deterministic model, we assume that PV power output at period t is known perfectly as P PV,t ∈ R NPV . Given the initial room temperature x t−1,j , the MILP formulation is as follows.
where the operation | · | takes the absolute value of a number. The objective (1a) minimizes the total cost of i) the absolute difference between total control signal over all N s buildings and PV signal at period t, ii) system state (i.e., room temperature) deviation from the temperature setpoint x ref , and iii) total switching times. Cost parameters c PV , c sys , and c switch are unit penalty costs of the three terms in the objective function (1a). Constraints (1b) ensure that room temperature of building j is within a given comfort band [x min , x max ], j = 1, . . . , N s . Constraint (1c) enforces the mode vector u t to be binary. In the deterministic model, we assume that the PV power output can be perfectly known ahead of time, which does not always hold since the PV power is uncertain due to many random weather factors such as outdoor temperature, cloud shadows, wind speed, changes in composition of the clear atmosphere (e.g., dust, smoke, humidity), etc. In the following section, we present a stochastic programming formulation which is a classic method used to model system uncertainties.
B. Stochastic Programming Formulation
By assuming uncertain PV power, we consider a stochastic linear programming model that minimizes the expectation of the total cost in (1a) via the sample average approximation approach [10] . Specifically, at period t, the stochastic programming approach considers M discrete samples of uncertain PV generation P PV,t ∈ R NPV , denoted by P 1 PV,t , . . . , P M PV,t . Let p t,m ≥ 0 be the probability that P PV,t = P m PV,t , for all m = 1, . . . , M , such that
The M samples can be drawn by the Monte Carol sampling approach from the true underlying distribution (if known) or be obtained from historical observations. For the stochastic programming model, we solve an equivalent MILP reformulation as below.
The stochastic programming model requires an accurate estimate of the probability distribution, which, however, may not always be accessible in practice because the PV power output is volatile and can vary rapidly. In the next section, we consider a DRCC formulation which only requires limited distribution information, e.g., the first two moments, of PV power output.
III. DATA-DRIVEN DRCC APPROACH
In the DRCC formulation, instead of penalizing the difference between control signal and PV signal in objective functions as in the deterministic and stochastic programming approaches, we restrict the probability of having total HVAC loads no less than available PV power generation to be greater than or equal to 1 − α t using a distributionally robust chance constraint, where 0 ≤ α t ≤ 1 is a preset decision maker's preferred risk level. In the DRCC model, we assume that the perfect PV power probability distribution is not known. Alternatively, we consider a set of plausible distributions using an ambiguity set D t and the DRCC formulation is as follows.
Constraint (2b) ensures that the probability of having HVAC loads no less than PV power generation is at least 1 − α t for any probability distribution f ∈ D t . That is, the worstcase probability for coordinating the HVAC fleet to consume all the local PV generation is no less than 1 − α t for any distribution within the ambiguity set D t . Note that in the deterministic and stochastic models, the difference between the HVAC fleet consumption Ns j=1 P j u t,j and the PV power generation NPV i=1 P PV,t,i can be either positive or negative, which means that Ns j=1 P j u t,j − NPV i=1 P PV,t,i ≥ 0 is not a hard constraint and is not necessarily satisfied 100%. Here, we formulate the nonnegativity constraint as a chance constrained so that the system operator is able to adjust the probability as (s)he prefers the constraint to be satisfied with. The ambiguity set can be constructed in many different ways.
In this paper, we consider a moment-based ambiguity set, first proposed by [19] , presented later in Section III-A. Remark 1. Instead of tracking exact amount of PV generation (as shown in Constraint (1a) in the deterministic model), due to the presence of PV power uncertainty, we require that total local HVAC loads can consume PV generation with a preferable probability, e.g., 1 − α t . In other words, the embedded uncertainty inside PV generation can be completely absorbed by controllable loads locally instead of flowing back into the distribution grid with at least probability 1−α t .
A. Distributional ambiguity set D t
Suppose that a series of independent PV power output sample data at period t, {P n PV,t } N n=1 , are drawn from the true probability distribution of P PV,t . Then, the empirical mean and covariance of P PV,t can be calculated as
When N PV = 1, the covariance matrix Σ t becomes variance σ 2 t , where σ t is the empirical standard deviation. Under many circumstances, when historical data is inadequate, µ t and Σ t may not be a good estimation of the true mean and true covariance matrix of P PV,t . To take into account the estimation errors and address the moment ambiguity, [19] proposes a moment-based distributional ambiguity set
where the three constraints in D t ensure that i) the true mean of P PV,t lies in an ellipsoid centered at µ t bounded by γ 1 and Σ t , and ii) true covariance matrix of P PV,t lies in a positive semidefinite cone bounded above by γ 2 Σ t . Parameters γ 1 ≥ 0 and γ 2 ≥ max{γ 2 , 1} are to control the ambiguity set size. The selection of γ 1 and γ 2 depends on the number of samples, support size, and confidence level (see Definition 2 in [19] ). Note that as the number of samples goes to infinity, (γ 1 , γ 2 ) goes to (0, 1). In general, the two parameters reflect decision makers' risk preference and control the conservatism of solutions. The larger values of the two parameters are, the more moment ambiguity the decision maker tolerates and thus more conservative (robust) solutions are obtained.
B. Linear programming reformulation of DR chance constraint when N PV = 1
Under the moment-based ambiguity set D t , the DR chance constraint (2b) is equivalent to the following linear constraint, adapted from the result of Theorem 2 in [25] ,
where
Note that the ambiguity set allows the uncertain P t,PV to be time-varying. Therefore, the DRCC formulation (2) 
IV. MULTI-PERIOD MODELS
In this section, instead of sequentially solving optimization problems for each single period, we consider solving a multiperiod model, i.e., a monolithic optimization problem, for all the mode decision variables u t , t = 1, . . . , N p over N p periods. We present corresponding multi-period variants of the deterministic, stochastic programming, and DRCC approach as follows.
a) Deterministic approach: 
V. COMPUTATIONAL EXPERIMENTS
We compute the solutions for a connected neighborhood consisting of 100 identical buildings (HVAC units) and one large on-site solar PV panel. The goal is to absorb all local solar PV output with a desired probability using the 100 HVAC units. In this study, we compare solution details and tracking performance of these solutions by solving the deterministic, stochastic programming, and DRCC models. All computational tests are performed on a Windows 10 machine with Intel(R) Core(TM) i5-5200U CPU 2.20GHz and 4.00 GB memory. All models are implemented in Python 2.7.9 with Gurobi 6.5.0 as optimization solver.
A. Computational Setup
We consider N p = 53 periods, which is every 10 minutes from 8:20 am to 5:00 pm. We have N s = 100 buildings with random initial room temperatures uniformly distributed over the interval [23.10, 23.15] °C and N PV = 1 PV panel power output. The PV power output data (as shown in Figure 1 ) is collected from a 13 kW PV panel located on the rooftop of the Distributed Energy Communication & Control (DECC) laboratory at Oak Ridge National Laboratory (ORNL) in Tennessee. We scale the magnitude up to make it compatible with the aggregate of 100 residential HVAC systems, which are connected to the same step-down transformer. The outdoor temperature profile is collected locally from the weather station above the Flexible Research Platform at ORNL.
We set the room temperature set-point x ref to 23.0°C and the comfort band [x min , x max ] to [21.5, 24.5]°C. Building parameters are identical for all 100 HVAC systems, and set as A j = 0.9914, B j = −0.6767, G j = (4.3e − 5, 0.0086) for j = 1, . . . , N s . We assume that each HVAC system consumes 3.5 kW once it is in ON mode. For all three approaches, penalty costs c sys and c switch are set to 1.0, and c PV = 100.0. In the DRCC model, we set parameters (γ 1 , γ 2 ) = (0.0, 1.0) and the risk level 1 − α t = 50% for all t = 1, . . . , N p . To solve the deterministic and DRCC models, we generate N = 10 data points (i.e., training data), P n PV = (P n PV,t , t = 1, . . . , N p ) for n = 1, . . . , N , by adding a uniformly distributed noise which varies the dominant PV profile in Figure 1 from its 85% to 115%, i.e., (1 ± ∆ t )P PV,t , ∆ t ∼ U (0.00, 0.15), where z ∼ U (a, b) means random variable z following a uniform distribution over an interval [a, b] . An empirical mean and variance are calculated
The deterministic approach takes the empirical meanμ t as a PV power forecast. The DRCC approach takes the empirical mean and variance to construct the moment-based ambiguity set. To solve the stochastic programming formulation, we generate M = 1000 data points following the same procedure to add uniformly distributed noise.
C. Validation data (Out-of-sample data)
After obtaining solutions by solving all models, we consider two types of validation data (i.e., out-of-sample data), 10,000 data points of each type, to simulate all solutions' performance. Both types of data can be viewed as adding a random noise to the dominant value, i.e., (1 ± ∆ t )P PV,t . We consider ∆ t following two most common distributions as 1) U (0.00, 0.15) -Uniform distribution over an interval of [0.00, 0.15]; 2) Gauss(0.00, 0.07) -Gaussian distribution with 0 mean and 0.07 standard deviation.
Remark 2. In the first case, the validation data follows the same distribution as the training data does. In the second case, the Gaussian distribution has a mean and a standard deviation equal to those of the first case as well as those of the training data. That is, the Gaussian distribution shares the same mean and standard deviation with the uniform distribution. We consider the Gaussian distribution for taking into account distributional ambiguity.
D. HVAC Loads and Room Temperatures
For all approaches, we solve both their single-period formulations as in Sections II-A, II-B, and III and their multi-period formulations presented in Section IV. The total ON/OFF control signals (i.e., Ns j=1 u t,j , t = 1, . . . , N p ) of all six models (i.e., single-period and multi-period models of deterministic, stochastic programming, and DRCC approaches) are shown in Figure 2 . It should be mentioned that the solution to the multi-period stochastic programming model is not solved to the optimal within one-hour computation time limit. The optimality gap remains at 51.9% when reaching the time limit. Solutions to other models are all solved to optimality within 10 minutes. Solutions of solving the deterministic formulation and of solving the stochastic programming formulation are close to each other, which can be also implied from Figure 4 . More discussion of the similarity is in Section V-E.
The resulting room temperatures of all 100 buildings over N p periods are as shown in Figure 3 for both single-period and multi-period models. Room temperatures of singleperiod models are maintained more closely among buildings inside the desired comfort band [21.5, 24.5 ]°C compared to those of multi-period models. Overall, the DRCC models provide relatively lower room temperature, which is consistent with the decision of turning on more HVAC loads as in Figure 2 .
E. Tracking Performance
Given that the tracking performance under both uniform and Gaussian noises are similar, in Figure 4 , we only show All models, except the stochastic programming multi-period one, track the PV generation's trends well. In all the cases, the DRCC models are capable to consume PV generation in more scenarios since they decide higher HVAC loads. Again, as mentioned in Section V-D, the deterministic and stochastic programming models have similar amount of HVAC loads, which match the expectation of the 10,000 PV generation scenarios (in the middle of the shaded area). Figure 5 shows the probabilities of using HVAC loads to consume all PV generation locally under the Gaussian noise. The probability is calculated as the ratio of the number of the scenarios where HVAC loads are no less than the PV generation to the total number of scenarios, i.e., 10,000. In all plots, the DRCC approach achieves the highest probability during most time. In the single-period models, the DRCC approach yields slightly worse performance than in the multiperiod models, while the probability is still above the desired risk level 1 − α t = 50%.
VI. CONCLUSION
We utilize HVAC loads (from ON/OFF units available in residential buildings and small to medium sized commercial buildings) to emulate an energy storage device, which mitigates fluctuations in PV generation. A deterministic approach, a stochastic programming approach, and a DRCC approach are employed to formulate ON/OFF HVAC units dispatch to consume PV power generation locally with presence of PV power uncertainty while maintaining room temperatures within a preset desired comfort band. Both single-period and multi-period models are considered for all three solution approaches. Computational results show that 1) multi-period stochastic programming models experience computational difficulty, and 2) DRCC approaches achieve constantly good performance to track most of PV generation even with the presence of distribution ambiguity.
In the future research, we are interested in incorporating HVAC loads into optimal power flow problems. Specifically, we are working on enforcing the compliance with nodal voltage limits by leveraging the LinDistFlow approximation [26] , [27] , [14] . It is also interesting to evaluate the performance with heterogeneous building models and TCLs, particularly 
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